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Dedicated to Olivier Piguet on the occasion of his 60 birthday 

1 Introduction 

We know that the concept of space-time as a differentiable manifold cannot be reason- 
ably applied to extremely short distances [T]. Simple heuristic arguments show that it 
is impossible to locate a particle with arbitrarily small uncertainty An interesting 
concept in order to replace standard differential geometry is non- commutative geometry 
pioneered by Connes 013]. Non-commutative geometry can be regarded as an extension 
of the principles of quantum mechanics to geometry itself: space-time coordinates become 
non-commutative operators. 

The general strategy in non-commutative geometry is to generalize the mathematical 
structures encountered in ordinary physics. Standard quantum field theories deal with 
problems of interactions at short distances. Quantum field theory (QFT) on spaces with 
different short-distance structure may therefore show interesting features. Since singular- 
ities in standard QFT are a consequence of point-like interactions, there has been hope 
that 'smearing out the points' [H] avoids these UV divergences. However, it was first 
noticed by Filk [0] that divergences are not avoided on non-commutative M^. This raised 
the question of whether the QFT is renormalizable, or not. 

Scalar field theories were investigated in [Zl |S], where a crucial feature of non- 
commutative field theories appears — the UV/IR mixing. On the one-loop level the ques- 
tion of renormalizability was affirmed for Yang-Mills theory on non-commutative 
[01 EH Ej and the non-commutative 4-torus ^12] as well as for supersymmetric Yang- 
Mills theory in (2+1) dimensions, with space being the non-commutative 2-torus fH^ . 
QED on non-commutative was treated in |21 1^ and BF- Yang-Mills theory in • 
The Chern-Simons model on non-commutative space was treated in ^7j, see also [TH] . 

Concerning supersymmetry, also a deformation of the anticommutator of the fermionic 
superspace coordinates was considered [101, but this deformation is not compatible with 
supertranslations and chiral fields. At the component level, renormalizability of the Wess- 
Zumino model to all orders of perturbation theory was shown in pU|. A superspace 
formulation (at the classical level) of the Wess-Zumino model and of super- Yang-Mills 
theory was given in [23]. Eventually, renormalizability of the Wess-Zumino model in 
the non-commutative superspace formalism was established in Non-commutative 
A/" = 1, 2 super- Yang-Mills theories were studied by Zanon in [22], using the background 
field method, with the result that at one loop there are only logarithmic divergences in the 
self-energy. This is remarkable because the power-counting theorem predicts quadratic 
divergences for TV = 1 super- Yang-Mills theory, which would lead, according to the 
power-counting analysis of non-commutative field theories by Chepelev and Roiban 
to non-renormalizability on non-commutative space-time. The lowering of the degree of 
divergence from quadratic to logarithmic seems to be governed by non-renormalization 
theorems, see |25j. 

In this paper we reinvestigate the question of UV/IR mixing in non-commutative A/" = 
1 super- Yang-Mills theory, where we work in the non- commutative superfield formalism 
|22j . It turns out that the one- loop self-energy of the superfield suffer indeed only from 
logarithmic IR divergences. UV divergences are multiplicatively renormalizable as usual. 
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Assuming that this behaviour continues to all orders, non-commutative A/" = 1 super- 
Yang-Mills theory would be renormalizable, according to [24 , provided that commutants- 
type divergences are absent. 

Therefore, non-commutativity does not spoil the cancellation of quadratic and linear 
divergences in super symmetric theories, as stated already in the literature jSEl 1201 12Z1 ISHl 

EHlEnUSO!. 

On the other hand, non-commutative non-supersymmetric theories suffer from 
quadratic (linear) IR divergences which would prevent renormalizability at higher loop 
order. Possible ways out could be hard non- commutative loops resummation [21] or the 
use of field redefinitions • 

The paper is organized as follows: Section El presents the Moyal product applied to 
superfields, while section El treats the action of our model. In section HI the Legendre 
transformation and the perturbative expansion are performed and, after a short power- 
counting argument given in sectional the self-energy of the vector superfield is calculated 
at the one- loop level (section IHl). Appendices contain some calculations and conventions. 



2 Moyal Product for Superfields 

We consider a non-commutative (A/" = 1) superspace characterized by the algebra 

[x^^^F] = ie'^-, (1) 

where Q^'^ is an antisymmetric, constant and real matrix. We do not deform the anti- 
commuting coordinates 9a and i.e. we assume 



{Oa, Op} = {r , e''} = {Oa, r } = [x^ e^] = [x^ r] = o. (2) 

The non-commutative algebra is represented on an ordinary manifold by the Moyal prod- 
uct The Moyal product of two vector superfields can be written as [22] 



{<P^<P'){x,9,,ei) = J dPv2dPv36v{l,2)6v{l,3) 

X 0(p2, 02, ^2)0' (P3, ^3, ^3)e-^(P^+^'«)^e-^^'^^P^ (3) 
The Moyal product has the important property 

dV^{(P^<P'){l) = [ rfK(0'*0)(l) = [ dV^(P{l)<P'il). (4) 



This implies in particular that one can perform cyclic rotations of the fields under the 
integral. 

For definiteness we have used vector superfields in © and (jl)). Of course, one can 
easily write down analogous formulae for (anti-)chiral superfields. 
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3 The Action 

For simplicity we choose the gauge group U{1). We introduce a vector superfield (p whose 
gauge transformation is given by |21j : 



{e% = {e-%^{e%^ie'%, (5) 

with a chiral superfield A (gauge parameter). With the help of the Baker-Campbell- 
Hausdorff formula we obtain the infinitesimal gauge transformation of (p itself: 

0' = + ,(A_A) + l[0,A + A]^ + _L[0j<^,A_A]^]^ + ..., (6) 

where the dots denote terms that contain three or more powers of (p. The gauge-invariant 
NCSYM action is given by 

S^nv = --^ ! dSW'^W^, (7) 



128(7 
with 

We perform a Taylor expansion of the integrand, 



Sin. - / dV 



(9) 



In order to prepare the quantization, we introduce a chiral superfield B (multiplier field) 
and two chiral anticommuting superfields c+ (ghost) and c_ (antighost). The BRS trans- 
formations are given by: 

S(j) = C+-C+ + C+ + C+]^ + ^[0, [0, C+ - C+]J^ + . . . 

=: (5^(0, c+), 

5C-|_ = — C_|_ 'k C-|_, SC^ — — C-|_ i< C-j- , 

sB = 0, sB = 0. (10) 

Now we can write down the BRS-invariant total action: 

Stot = Sinv + Sgf + SfjjTT, (11) 

where Smv is given by and the gauge fixing and the Faddeev-Popov terms are given 
by 



^P/ = -Y^ J dV{B + B)<t>, (12) 
^<^. = / rf^(c- + c_)a(0, c+). (13) 
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Using (fTUI) . the Faddeev-Popov term can be rewritten as 
5*0^ = — — / dV I c_c+ — c„c+ 



128 . 

+ (c- + c_) c+ + c+]. + ^[0, [0, c+ - c+].]. + ...)). (14) 

Again the dots denote terms with three or more powers of (p. 

In the following we will also include a mass term in the total action, 

Sn.ass = Y^j dVM^cP\ (15) 

in order to avoid an IR divergence in the propagator of the vector superfield. 
4 Generating Functionals 

The generating functional of connected Green's functions for the free theory can be ob- 
tained from the bilinear part S},ii of Stot + Smass via a Legendre transformation: 

Zm = Sbii + j dVJ<P + j dS {JbB + r]_c+ + r/+c_) 
+ J dS {JbB + fj^c+ + r7+c_) 

= Sbil + J dPyJ-p^p + j dPs [jB,-pBp + 

+ j dPs {Jb,^pK + ^-,-ph,p + n+,-p^-,p) , (16) 
where 0, B, B, c± and c± are replaced by the inverse solutions of 



'Jp-i 



V(P~p 



^sSbii _ _ J SsSbii _ _ J 

SsB-p 6sB^p 

^sSbii _ ~ SsSbii _ ~ 

(>sC--p (>sC+^^p 

x= -v+,p, -V-,p- 



This leads to 



Zbii — J dPyi dPv2 2'^-pi^(i><f){^i 2) J_p2 + J dPyi dPs2 •/-piA0b(1, 2)Jb-p2 

+ j dPvidPs2J-pAM^^'^)JB,-p, + j dPsi dPs2JB,^pABB{l,'2)Js,.p, 
- / dPsidPs2 V~,-pi^c+c^ 

(l,2)r/+,_p2 - / dPsidPs2 V+,-pi 

A,-_,4l,2)77_,_p„ (18) 
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where the propagators are given by 



P2 



Ae+e_(l,2) = Ac-_c+(l:2) = A^b(1,2), 
Asb(1,2) = — ^A^B. (19) 

The generating functional of general Green's functions is given by 

Z = J\/-^e^^'"'e^^bu^ (20) 

where jV" is a normalization factor such that Z[0] = 1 and 



^int = 1(7) / ^^^1 ^^^2 dPv3 dPv4 r^4(l, 2, 3, 4) 

j "^^""^ "^^""^ "^^^^ ^' 

+ [ dPvidPv2dPv3r,_c^^{l,2,3) 

\i / J dsr]--P2(>sV+-Pi(>vJ- 

+ f-Y / dFyidPy2^iFy3re-_c+<^(l,2,3)— I't'^"" ^ . 

VV i dsV--P2dsV+,~PidvJ- 



J -pi J-P2 J-P3 J -Pi 

51 



5v J-pi 5 V J-P2 J-P3 
SlSv 



-P3 



+ (^^y I dPvi dPv2 dPv3 re_c-+<^(l, 2, 3) 



5sV-,-P25sV+,-pi5vJ- 



P3 



+ (-\ [ dPvidPv2dPv3rc.-c+4,{h2,3) 

\V i dsV--p2dsV+,-pidvJ-p3 

^ ^ (7) / "^^^^ "^^^^ "^^^^ r,_,^^2(l, 2, 3, 4) 



^ ^ (7) / '^^^'^ "^^""^ "^^^^ ^-c-c+A^^ 2, 3, 4) 
dPvi dPv2 dPv3 dPv4 rc_c-+02(l, 2, 3, 4) 



1 /V' 



2! V i 



^ ^ (7) / "^^^^ "^^^^ "^^^^ "^^^^ r,_,^^2 (1, 2, 3, 4) 





-P25sV+-pi5vJ- 


-P3 J— PA 




-P25sV+-Pi5vJ- 


-P3 J-pi 




-P25sf}+-pi5vj- 

5151 


-P3 "^-PA 



5sV--P25sV+-pi5vJ-p35v J -Pi 

(21) 
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where we have defined 



;i,2,3) 



sis., 



r^4(l,2,3,4) 

rc_c+0(i, 2, 3) 

1,2,3,4) 



)V(PpiOv(Pp20v<Pp3 
SySint 



SySint 



Sy Sint 



SvC-,PiSyC+^p.^5y(j)p^5v(j)p^ 

1, 2, 3), rc_c+0(l) 2, 3), ^ c-c+(j>{X-i 2) 3), r^s 



:221 



and similarly for the terms Tc_c+^{1, 2, 3), Tc_c+^0-, 2, 3), Tc_c+^{1, 2, 3), rc_c+</,2(l, 2, 3, 4), 
rc_c+(/.2(l5 2, 3, 4) and rg_g^^2(l, 2, 3, 4). Here, Sint is the interaction part of Stot^ and the 
subscript means that all the fields have to be set to zero after the functional deriva- 
tives have been performed. The mixture of (anti-)chiral and vectorial field derivatives 
in the ghost sector is due to our convention that source terms for the ghosts involve the 
(anti-)chiral measure whereas interactions between ghosts and vector superfields are 
defined in terms of the vectorial measure ()14|1 . One should notice here that these are all 
necessary vertices for the calculation of the one-loop self-energy part of the vector super- 
field. The final results for these vertex functions (j^^ are rather complicated and can be 
looked up in appendix A. 

Furthermore, we mention the generating functional of connected Green's functions, 
which is given by 

= - In Z. (23) 



5 Power-Counting 

We note that, apart from the exponentials and the ^-factors in the numerator, the vector 
field propagators are of order and the ghost propagators of order ^. We consider the 
exponentials and the ^-factors. From the invariance of Green's functions with respect to 
translations and supersymmetry transformations one finds that a one-particle irreducible 
Green's function in momentum space can always be written as |33j : 



r(i,...,n) 



S(f){pi) . . . S(f){p„ 



(24) 



= (2vr) V(5^p,)e-^-^-^^-''^"-^-''^"^V^(-P2, -P., ^^.1, ^^.i). 

This general structure is true in particular for propagators and vertices. Thus, the gen- 
eral structure of the integrand of the superspace integral corresponding to an arbitrary 
Feynman graph is 



/ = exp ( - ^ ^ h,,rA0,a^'^j - ^'j^'^^^) ) n n hA-kj,r. 

i<j T i<.j T 



(25) 



E{p,k,dw 
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Here, kj^T is the momentum running from point i to point j, and r counts momenta 
running between the same pair of points. We have chosen a basis for {kj^r) = {p,k), 
where p and k are the external and internal momenta, respectively. With momentum 
conservation, 

^hj,T=Pi, (26) 

we find 

E{p, k, 9i, Oi) = E{p, k, On, en) - ^^(e.a^^i - 9ia>'e,)p,,^. (27) 

i 

Therefore, the exponentials appearing in the formulae for the propagators and vertices 
can be rewritten as 

if and only if k is an internal momentum. A Taylor expansion of the exponentials shows 
that from the ^-factors and the exponential we will at most get terms like OfiOl^k"^. The 
highest power of k"^ that can appear is just the number of independent differences Oij (with 
j = 1 in the calculation above) that can be constructed, which is exactly n — 1, n being 
the number of vertices. So we find for the superficial divergence degree of an IPI-graph 

d{V) =AL-2G~AV + 2{nG + ny - I) + 2ny. (29) 

Here, L is the number of loop integrations, G and V are the numbers of ghost and vector 
superfield propagators, respectively, nc and ny count the ghost-vector superfield and the 
pure- vector superfield vertices. The last term, 2ny, has to be included in because of 
the four covariant derivatives that appear in the parts of the Lagrangian corresponding 
to the three and four vertices of the vector superfield. 

Using the topological relation L = G + V — no — ny + 1 and charge conservation for 
the ghost fields, 2nG = 2G + A''^ {Nq being the number of external ghost fields), we find 

d{T) = 2-Ng. (30) 

For the vector superfield self-energy {Nq = 0), this means a superficial degree of divergence 
of 2. 

6 Self-Energy of the Vector Superfield 

The following Feynman graphs contribute to the self-energy of the vector superfield at the 
one-loop level (continuous lines denote vector superfield propagators, dotted lines ghost 
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propagators) : 
h 



'3 • 



4+. • 3_ 
1 ■ ■ 2 



A+y ■■.5_ 4+.-' ■■.5_ 

1 ■ -2 T I ■ -2 




'5 : • •- 



3_-. .-6+ 3_-. .-6+ 

4+ 5_ 4+ 5_ 
h : — • • — Is : — • • — (31) 

3_-. .'6+ 3_-.. ..■■6+ 

From the generating functional ()2Hj) we obtain the following integrals corresponding to 
these graphs (after amputation of the external lines): 

h = -- j dPv3rfPy4r,-_e+^2(3,4,l,2)A,_e43,4), 

/3 = -- / dPy3^^Pv4r,_e^^2(3,4,l,2)A,_543,4), 

/4 = ^y" rfPy3ciPv4C?Py5(iPv^6r^3(3,4,l)A^<^(3,6)r<^3(5,6,2)A^^(5,4), 

/s = j dPv3t^Py4rfPv5t^Py6rc_c+0(3,4,l)A,_sj3,6)r,-_5^^(5,6,2)A5_,45,4), 

/e = -- / dPy3C?Pv4(iPv5t^Pv6r5_c+0(3,4,l)Ag_,j3,6)r,_,^^(5,6,2)A,_g45,4), 

/7 = -- / (iPy3t^Pv4t^Pv5t^Pv6re_c+0(3,4,l)A,_gj3,6)r,_5^<^(5,6,2)A,.545,4), 

y (iPv3(iPy4(/Pv5t?Py6r5_c+0(3,4, l)A,-_,j3,6)r,-_,^^(5,6,2)AE.,^(5,4). (32) 



h 

i 



(Note that Ac_c+(3,6) = — Ag+c. (6, 3).) We now insert the exphcit expressions for the 
propagators and vertices into the eight integrals in (jH^ . After some lengthy simplifications 
of the integrands (see appendix A) we arrive at 



Viol J 



k^{k^ - M2) 



(-^ + ^^i2^"i2(2^'+^'?))' (33) 
6SAi J k-^ 



128i 

1 



X 



P(P _ ^2)(^ + iOl)2((fc + pi)2 - M2) 

X 



- 4(A;2)2 - 8^2(/cp0 - 5ky, - plikp,) - \0l,el, ( - Ai^fpl 

5'(Pi +P2)e-^^-(^-''^-^-''^"^) (i - {9,,a^e,,)p,,, + -el,el,pl 



+ 



256i 



x/^^fcsin>,A/c)^,^^, (37) 
h = ^5^(pi +p,)e--^-(^-^^-^-''^"^) (l + {e,,a^e,,)p,,, + \0f,0f,pl 



-Jd^k^Ap^Ak)^^-^^, (38) 



^-5'(pi+P2)e-^i-(^^'^'^"^-^^"'^"i) / d'^A; sin2(piAA:)- 



256i y 'k^{pi + k)^ 

X (^l-(^,2aP^,2)(p, + 2A;), + ^?2^?2 + , (39) 

x(^i + {9i2a''ei2) {pi + 2k) p + el^el^ {^pl +p,k + e^y (4o) 

This gives up to terms in the integrand, which evaluate for M 7^ to finite quantities 

x(-^>l.(--..-|.?^lS))• («) 

As usual we write sin^(pi A A;) = | — | cos(2|)i A A;) and refer to the part corresponding 
to I as 'planar' and the part corresponding to | cos(2;>i A A;) as 'non- planar'. The planar 



9 



part of (PT|) is UV-divergent and evaluated in dimensional or analytic regularization to 
( E =-l^ + p2)e--^"(^-''^"-^-"^"^) (l - \9!,e!,pl) + Oil) . (42) 

\ •^"^ / planar o iZofc \ 4 / 

i=l 

This means that the divergence in the planar part of the self-energy is transversal, so that 
it can be removed by multiplicative renormalization. Because of the oscillating integrand, 
the non-planar part of (jlT|l turns out to be finite for pi ^ and is evaluated to (with 
Pt := Q'^'^Pi,.): 

(Th) = -—6\p^ + P2) e-^'^."(^i'^"^"2-^^'^'*^"^) 

V ' ^ / non-planar 3 64 
i=l 

X (l - -/Jl^pi) fdxK,(^sJx{l-x)plp,') + 0{l) , (43) 

where 0{1) in (jinj) collects terms that are regular for pi 0, and Ko{y) = log 2 — logy — 
7 + 0(2/^) is the modified Bessel function of second kind (with Euler's 7 = 0.577...). 
Thus, the non-planar part of the self-energy is only logarithmically divergent for pi — > 0, 
as expected for a supersymmetric theory, despite the fact that it is non- commutative. 



7 Conclusions 

We have computed the one-loop self-energy of the vector superfield in non-commutative 
A/" = 1, U{1) super- Yang-Mills theory in the superfield formulation, where our results can 
be summarized in the following way: 

• UV divergences can be multiplicatively renormalized in the usual way. 

• IR divergences are only logarithmic and do not spoil renormalizability. 

Because there are only logarithmic divergences, a non- commutative field theory is, ac- 
cording to [23], power-counting renormalizable (assuming there is no problem with com- 
mutants). This would imply that non-commutative = 1, U{1) super- Yang-Mills theory 
is renormalizable, because supersymmetry avoids quadratic (and linear) IR divergences. 
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A Calculations 

A.l (j)'^-vertex 

Let us compute the (/)'^-veTtex given in (jH)), r^4(l, 2, 3, 4) = — - 
S(f)4, denotes the part of the total action which is quartic in 0: 



SyS^4 



where 



(A.l) 



Using the definition of the Moyal product (jH)) and integrating by parts several times, this 
expression can be written as 



(pp,V{5, 6, 7, 8)6v{5, 6)<5y(5, 7)dv{5, 8), 

(A.2) 



where the differential operator V is given by 
V(5,6,7,8) 



+ K 



— 



Id- 



1 



5,-P5 



6 



6,-P6 



Da 



5,-P5 



1 =. 



1 



|2 n2 



We notice that V has the following symmetry properties: 

V(5, 6, 7, 8) = -V(6, 5, 7, 8) = -V(5, 6, 8, 7) = V(6, 5, 8, 7). 
Using these symmetries we can write r^4 as 

r^4 (1, 2, 3, 4) = J-^(27r)^5^(pi +P2+P3+ Pa) 

X sin(pi A p2) sin(p3 A p^) (V(l, 2, 3, 4) + V(3, 4, 1, 2)) 
+ sin(pi A ps) sm{pA A P2) (V(l, 3, 4, 2) + V(4, 2, 1, 3)) 
+ sin(pi A Pa) sm{p2 A ^3) (V(l, 4, 2, 3) + V(2, 3, 1,4)) 

X5y(l,2)5y(l,3)5y(l,4). 

In order to simplify this expression we have to evaluate terms like 

A{1, 2, 3, 4) := Dl_^^Da,2,-p,h,2,-p,Dt.pM^^ 2)~dv{l,3)~6v{l, 4). 



(A.3) 



(A.4) 



(A.5) 



(A.6) 
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This can be done most easily if we first insert exponentials in the following way: 
which is allowed because of 6^ = 9^ = 0. We now use the identities 

f). . pP^{e,.a'^0,-e,a'^8,) _ pPt.{e,a>^e,-e,af^h) f) . .. 

''-^a,i,p'^ ^a,ij,p) \-'^'"^/ 

which can easily be verified, leading to 

A(l,2,3,4) = 6^3^' {p2^_Jy{A,?,)) (d„,23,-p.4,23,-p.^V^(2,3)) (^f3,_p^5v(l,3)) , 

(A.IO) 

where we have used the notation ()B.11|) . We can readily evaluate the covariant derivatives 
of the delta functions, which give 

A(l,2,3,4) = ^e'^'^'etMz (^23,a^23,a + ^(^'^^23)aP2,/.^23,a^23) ^13^13- (A-ll) 



With the help of the Fierz identity ()C.2|) . this expression can be rewritten as 

A(l,2,3,4) = ^e^3^*-^'^-(^--''^-)(^43^23)^l3(^"23^"i3)^?3- (A.12) 



By applying this procedure to all the terms in ()A.5|) . we arrive at 

1 



r^4 (1, 2, 3, 4) = -—^{27,Y5\p^ +V2+V^ + P4) 

sin(pi A P2) sin(p3 A p,) 2, 3, 4) - F(2, 1,3,4)- F(l, 2, 4, 3) 
+ F(2, 1, 4, 3) + F(3, 4, 1, 2) - F(4, 3, 1, 2) - F(3, 4, 2, 1) + F(4, 3, 2, 1)) 
+ sin(pi A Pa) sin(p4 A P2) 3, 4, 2) - F(3, 1,4, 2) - F(l, 3, 2, 4) 

+ F(3, 1,2,4) + F(4, 2,1,3)- F(2, 4, 1, 3) - F(4, 2, 3, 1) + F(2, 4, 3, 1)' 
+ sin(pi A P4) sin(p2 A ^3) 4, 2, 3) - F(4, 1, 2, 3) - F(l, 4, 3, 2) 

+ F(4, 1,3,2) + F(2, 3,1,4)- F(3, 2,1,4)- F(2, 3, 4, 1) + F(3, 2, 4, 1)^ 

(A.13) 

where F is given by 

F{^,J, k, I) = ^e^^^'--(^-'^''^-)(^..e,,)^l^f, (-1^- + ^^1) . (A.14) 
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A. 2 The other vertices 

The other vertices can be evaluated in a similar way as the (/)^-vertex. Since the calcula- 
tions are much easier than in the case of the 0^-vertex, we only give the results: 

r^3 (1, 2, 3) = --^{271^ 6\p, +P2+ P3)sin(p2 A p,) 

^ (g(^21 - 6*3^(^21^31) - g (^216*31) (^21 - ^31) - Yq^2i(^'^1 

+ ^^31^21 - ^(P2,p^2ia''^21 -P3,p^3lCr''^3l)(^21^3l)(^21^3l)), 



(A.15) 



rc_c+^2 (1, 2, 3, 4) = -^(27r) +P2+P3 + P4)Svil, 2)^v(l, 3)^y (1, 4) 



X ^ sin(pi A P4) sin(p2 A ^3) + sin(pi A ^3) sin(p2 A ^4) j , (A. 16) 

r5_c+02(l,2,3,4) = -rg_c+02(l,2,3,4) = rc_c+<^2(l,2,3,4) = -rc_c+fli2(l, 2, 3,4), 

(A.17) 

r,_,^<^(l, 2, 3) = -Y^^y(l, 2)^y(l, 3){27ry5\p, + p2 + Ps) sin(p2 A ^3), (A.18) 

re-_c-+</,(i,2,3) = r,_,^^(i,2,3) = r,_g^^(i,2,3) = r,_,^^(i,2,3). (A.19) 

A. 3 The integrals ^-^J^ 

As an example, we show how to compute /y in (j32|) . Inserting the formulae for the 
propagators and vertices we obtain 

h = --^ j dPv3dPv4dPv5dPv6 ("Y^^) ^^(3' l)^v(4, l)(27r)^5^(p3 + P4 + Pi) 
X sin(p4 A pi)(-8)(27r)^5^(p6 + ps)eP''^^^^''''''^-'''''^'^ 

1 - (6'36Cr^^36)P3,p + iPi^ie^ie f ^ ^ ? /c- OA? /« o\/o ^4x4/ , , N 

' ^ 6v{5,2)6v{Q,2){2tt) 6 {P5 + PQ+P2) 



pI V 128, 



X sin(p6 Ap2)(-8)(27r)^5^(p4 +P5) e^^--^^^-^^^-^^-^^"^) ^ id^^^%^)Pj,x + WIM, 



h 

256z 

X 5^(5,2)^(6,2) e'=M(f^3fT'^e6-96'T'^93)g(pi+A:),.(95(T''04-94<7''e5) 



sin2(pi Afc)5y(3,l)V(4,l) 
1 



F(pi + A;)2 

X (^1 - (^^36^''^36)A:p + \kHl^el^ [i - {e,^a%^){pi + k)^ + \{pi + kfe^l, 

(A.20) 

where we have carried out the ]?4-, p^- and pe-integrations with the help of the delta 
functions and have renamed the remaining loop momentum ^3 =: k. As usual df is a 
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short-hand notation for -q§—-^- In the last three hnes of ()A.20|) we can replace ^3 and 
6*4 with 6*1, and 6^ and 6q with 6*2, because of the superspace delta functions that are 
contained in the integrand. Thus, we obtain 



256i J 
X dldl . . . dldf6v{3, l)5y(4, l)Sv{5, 2)~6v{6, 2) 



(A.21) 

The term between the square brackets of this expression simply gives a factor 1. Applying 
the identity ^Cl\ in the last two lines of ()A.2H) we arrive at 



i« J 



2 



256i J 'k^{pi + k) 

X ( 1 - (^i2a^^i2)(pi + 2A;), + ^^2^2^ Qp? +PiA; + ^')) • (A.22) 



B Notations and Conventions 

We frequently use the definition 



hiPjQ'^ =:kAp. (B.l) 



The Fourier transform of a field is 



= / ^Mp)^"'''- (B-2) 
The covariant derivatives are defined as 

Do^ = d^- i{a^'9)^d„ = -B^ + t{9a'')o,d^. (B.3) 

In momentum space the covariant derivatives read 

We use the following definitions concerning Grassmann-valued objects, 

XV ■= X^Vc. = -VaX'^ = V'^Xa = VX, XV ■= XaT = VX- (B.5) 

We have the integration measures, 

[ dV := [ d'^xD^D^, [ dS := [ d'^xD^ [ dS := [ d'^xD^ (B.6) 
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The integration over x cancels the total divergence parts of the covariant derivatives. 
Therefore, in momentum space we have to define 

dP^ := / S^bl~D^ 



The delta functions and their Fourier transforms are given by 

6y{i, 2) = Lei^el^s\x, - 5v(i, 2) = ^el,9l„ 

lb lb 

5s(i,2) = -\el,5\x, - X2), 55(1,2) = ~el,, 

6s{l, 2) = ~\el,6\x, - ^5(1, 2) = ~^el,. (B.8) 



Here := 9°' — 9°^ . We use functional derivation in superspace: 

S\x,-x,)5v{i,j). (B.9) 



In momentum space we get an extra factor (27r)^: 



Finally, we use the definition 



{27r)^6\p,-p,)6v{t,j). (B.IO) 



j=l,...,n, jj^i 



C Useful Formulae 

These helpful formulae are used throughout our calculations: 



0,^0,, = -{9% + 91 - 9%), {9a^9){9a^9) = -^^^9H\ (C.l) 

^a(eV') = Af^o.. h{H) = -\o^^a. (C.2) 
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